We classify all the supersymmetric configurations of ungauged N = 2, d = 4 supergravity coupled to n vector multiplets and determine under which conditions they are also classical solutions of the equations of motion. The supersymmetric configurations fall into two classes, depending on the timelike or null nature of the Killing vector constructed from Killing spinor bilinears. The timelike class configurations are essentially the ones found by Behrndt, Lüst and Sabra, which exhaust this class and are the ones that include supersymmetric black holes. The null class configurations include pp-waves and cosmic strings.
Introduction and main results
Classical supersymmetric solutions of supergravity theories play a key rôle in many of the recent developments in string theory, provide vacua, on which the theory can be quantized and may be interesting for phenomenology, and objects that live in those vacua such as p-branes, black holes etc. Therefore, the amount of effort that is being devoted to the classification of supersymmetric solutions of supergravity theories, both in higher [1] - [17] and lower [18] - [26] dimensions, can hardly be called a surprise. N = 2, d = 4 supergravities, the cases under consideration, are particularly interesting theories: they are simple enough to be manageable and yet rich enough in structure, duality symmetries, interesting solutions and phenomena. Many, but not all, of them are also related to low-energy limit of Calabi-Yau compactifications of 10-dimensional type II superstring theories. There is a very extensive literature on these theories 3 but, except for the simplest cases of pure gauged and ungauged supergravity [28, 23] , and for black-hole type solutions, 4 there have been no systematic attempts to classify all their supersymmetric solutions. In this work we start filling this gap by classifying all the supersymmetric configurations and solutions in the next-to-simplest case, namely pure supergravity coupled to n vector supermultiplets whose supersymmetric black-hole solutions have been studied intensively in the not so remote past. This work should also lay the groundwork for the more complicated cases we intend to study next.
In this work we use the method of Ref. [19] , consisting in finding differential and algebraic equations satisfied by the tensors that can be built as bilinears of the Killing spinor, whose existence we assume from the onset. We then derive consistency conditions for these equations to admit solutions and determine necessary conditions for the backgrounds to be supersymmetric. Subsequently we show that the conditions are also sufficient, meaning that we have identified all the supersymmetric configurations of the theory. Finally we impose the equations of motion in order to find the supersymmetric solutions. Throughout this work we stress the difference between generic supersymmetric field configurations and classical solutions of the equations of motion. We will also make use of the Killing spinor identities, derived in Refs. [33, 34] , to minimize the number of independent equations of motion that need to be checked explicitly in order to prove that a given supersymmetric configuration is a solution.
Let us briefly describe our results: the supersymmetric solutions of N = 2, d = 4 supergravity coupled to n vector supermultiplets belong to two main classes:
1. those with a timelike Killing vector. They are essentially the field configurations found in Ref. [35] , although we find a minor discrepancy with their results. Our procedure shows that there are no more supersymmetric configurations nor solutions in this class.
These supersymmetric configurations are completely determined by a choice of symplectic section V/X. The metric is then given by
where 2) and where K[V/X, (V/X) * ] means that the Kähler potential has to be computed using in the expression Eq. (C.24) the components of the symplectic section V/X. ω = ω i dx i is a time-independent 1-form that has to satisfy the constraint
where Q p [V/X, (V/X) * ] is the pullback of the Kähler 1-form connection, computed in the same fashion.
The vector field strengths are given by
( 1.4) where R and I stand, respectively, for the real and imaginary parts of the symplectic section V/X.
The scalar fields Z i can be computed by taking the quotients
The supersymmetric configurations are classical solutions iff the real section I is harmonic on R 3 . In particular, the integrability condition for the equation that determines ω is trivially satisfied in this case, as can be immediately seen by rewriting it as (dω) mn = 2ǫ mnp I | ∂ p I , (1.6) The 2n real harmonic functions then determine the solution, although one has to solve R in terms of the I in order to be able to write the whole solution explicitly in terms of the harmonic functions. This problem is equivalent to that of solving the stabilization equations and has no known generic solution except in a few cases, some of which we review in Appendix D.
2. Those with a null Killing vector [36] : Generically they have Brinkmann-type metrics ds 2 = 2du(dv + Hdu +ω) − 2e −K dzdz * .
(1.7)
where K is the Kähler potential andω is determined by the equation 8) where Q µ is the pullback of the Kaḧler 1-form connection (See Eq. (B.11)).
The scalar fields can be defined through a symplectic section with arbitrary dependence on u and z and the vector fields are determined by complex arbitrary functions φ(u), ψ i (z, z * , u)
The solutions of this case are harder to determine completely. There are, however, two interesting families of solutions:
(a) Cosmic strings. They have vanishing vector field strengths and scalars that are arbitrary holomorphic functions Z i (z).
(1.10)
The functions h must have the right behavior under Kähler transformations to make the metric formally duality-invariant and the Killing spinors well defined. These solutions generalize the ones found in Ref. [36] in flat spacetime for arbitrary Kähler potentials. Observe that the harmonic function H describes a plane wave moving along the string.
(b) Plane waves. In the simplest case they have the form
where Z i , φ are arbitrary functions of u and f an arbitrary function of u and z.
This work is organized as follows: in section 2 we review the aspects of these theories relevant for this work: action, equations of motion, supersymmetry transformations and symplectic transformations. In section 3 we set up the problem we want to solve: Killing spinor equations, integrability conditions and conditions imposed on Killing spinor bilinears. In section 4 we solve the case in which the Killing vector bilinear is timelike and in section 5 the case in which it is null. The appendices contain the conventions (A) some formulae of Kähler (B) and special Kähler (C) geometry plus some explicit examples of supersymmetric solutions for chosen theories (D).
2 N = 2, d = 4 supergravity coupled to vector supermultiplets
In this section we are going to describe briefly the theory we are going to work with. The main source for this section is Ref. [37] , whose notation we use here quite closely. Our conventions for the metric, connection, curvature, gamma matrices and spinors are described in detail in the appendices of Ref. [26] which also contain many identities and results that will be used repeatedly throughout the text. These conventions are very similar, but not identical, to those employed in Ref. [37] . The differences and a dictionary of all the indices we use can be found in Appendix A. The gravity multiplet of the N = 2, d = 4 theory consists of the graviton e a µ , a pair of gravitinos ψ I µ , (I = 1, 2) which we describe as Weyl spinors, and a vector field A µ . Each of the n vector supermultiplets of N = 2, d = 4 supergravity that we are going to couple to the pure supergravity theory contains complex scalar Z i , (i = 1, · · · , n), a pair of gauginos λ I i , which we also describe as Weyl spinors and a vector field A i µ . In the coupled theory, then = n + 1 vectors can be treated on the same footing and they are described collectively by an array A Λ µ (Λ = 1, · · · ,n). The coupling of scalars to scalars is described by a non-linear σ-model with Kähler metric G ij * (Z, Z * ) (see Appendix B), and the coupling to the vector fields by a complex scalar-field-valued matrix N ΛΣ (Z, Z * ). These two couplings are related by a structure called special Kähler geometry, described in Appendix C. The symmetries of these two sectors will be related and this relation will be discussed shortly.
The action for the bosonic fields of the theory is
(2.1) Observe that the canonical normalization of the vector fields kinetic terms implies that ℑmN ΛΣ is negative definite, as is guaranteed by special geometry [38] .
For vanishing fermions, the supersymmetry transformation rules of the fermions are
2)
where D µ is defined in Eq. (B.10), which acts on the spinors ǫ I , since they are of Kähler weight 1/2, as 4) and Q µ is the pullback of the Kähler 1-form defined in Eq. (B.3). The 2-forms T and G i are the combinations
where, in turn, T Λ and T i Λ are, respectively, the graviphoton and the matter vector fields projectors, defined in Eqs. (C.20) and (C.21).
The supersymmetry transformations of the bosons are
For convenience, we denote the Bianchi identities for the vector field strengths by
and the bosonic equations of motion by
whose explicit forms can be found to be
12)
where we have defined the dual vector field strengthF Λ bỹ
The Maxwell and Bianchi identities can be rotated into each other by GL(2n, R) transformations under which they are a 2n-dimensional vector: 16) where A, B, C and D aren ×n matrices. These transformations act in the same form on the vector of 2n 2-forms 17) and, since, by definition, 18) for the transformations to be consistently defined, the must act on the period matrix N according to
Furthermore, the transformations must preserve the symmetry of the period matrix, which requires 20) i.e. the transformations must belong to Sp(2n, R). The above transformation rules for the vector field strength and period matrix imply
νρ that appears in the energy-momentum tensor is automatically invariant.
The above symplectic transformations of the period matrix N correspond to certain transformations of the complex scalar fields Z i :
These transformations have to be symmetries of the theory as well, which implies that they have to be isometries of the special Kähler manifold [39] . Thus only the isometries of the special Kähler manifold which are embedded in Sp(2n, R) are symmetries of all the equations of motion of the theory (dualities of the theory 
admit at least one solution. 5 It must be stressed that the configurations considered need not be classical solutions of the equations of motion. Furthermore, we will not assume that the Bianchi identities are satisfied by the field strengths of a configuration.
Our second goal will be to identify among all the supersymmetric field configurations those that satisfy all the equations of motion (including the Bianchi identities).
Let us initiate the analysis of the KSEs by studying their integrability conditions.
Killing Spinor Identities (KSIs)
Using the supersymmetry transformation rules of the bosonic fields Eqs. (2.7-2.9) and using the results of Refs. [33, 34] 
3)
The vector field Bianchi identities Eq. (2.10) do not appear in these relations because the procedure used to derive them, assumes the existence of the vector potentials, and hence the vanishing of the Bianchi identities.
It is convenient to treat the Maxwell equations and Bianchi identities on an equal footing as to preserve the electric-magnetic dualities of the theory, for which it is convenient to have a duality-covariant version of the above KSIs. This can be found by performing duality rotations on the above identities or from the integrability conditions of the KSEs Eqs. (3.1,3.2), which is the method we are going to use.
Using the Kähler special geometry machinery, we obtain
which gives rise to
Contracting the above identity with γ µ , we obtain another one involving only the trace E σ σ , which can be used to eliminate it completely from the KSIs. The result is the dualitycovariant version of (the complex conjugate of) Eq. (3.3) we were after:
It turns out to be convenient to define the combination
Using it, the above KSIs Eqs. (3.6,3.7) take the form
Observe that the graviphoton-projected combination T Λ H Λ µ can be written as
where E is the symplectic vector defined in Eq. (2.16).
The duality-covariant version of Eq. (3.4) can be obtained in a similar fashion, and reads
Observe that the identities Eqs. (3.6,3.7) and (3.12) are necessary but not sufficient conditions to have supersymmetry.
From these identities we can derive further identities involving only tensors by multiplication with gamma matrices and conjugate spinor from the left, as to have only bilinears. As is usual, it is convenient to consider the case in which the vector bilinear V µ ≡ iǭ I γ µ ǫ I is timelike and the case in which it is null, separately. 
14)
where we have defined the unit vector and the (local) phase
These identities contain a large amount of information about the supersymmetric configurations. In particular, they contain the necessary information about which equations of motion need to be checked explicitly in order to determine whether a given configuration solves the equations of motion: the first of these identities tells us that the only components of the Einstein equations that do not vanish automatically for supersymmetric configurations are those in the direction of v µ v ν ; the rest vanish automatically. I.e. once supersymmetry is established, one does not need to check that those components of the Einstein equations are satisfied. Further, the second and third identities state that the only components of the combination of Maxwell equations and Bianchi identities H Λ µ that do not vanish automatically are the ones in the direction v µ . For the graviphoton (second equation), they are related to the only non-trivial components of the Einstein equations and for the matter vector fields (third equation), they are related to the equations of motion of the scalars. Therefore, we see that iff the Maxwell equation and Bianchi identities are satisfied, then the equations of motion of the scalars and the Einstein equations are satisfied identically. The conclusion then must be that, in the timelike case, one only needs to solve the Maxwell equation and the Bianchi identities in order to be sure that a supersymmetric configuration is an actual (supersymmetric) solution of the equations of motion.
The null case
When V µ is a null-vector (we will denote it by l µ ), using the auxiliary spinor η defined in the appendix of Ref. [26] to construct a standard complex null tetrad {l µ , n µ , m µ , m * µ } we can derive the following identities:
Thus, in this case, the equations of motion of the scalars are always automatically satisfied for a supersymmetric configuration. Only a few components of the Einstein and Maxwell equations and Bianchi identities may also be non-zero and these are the only ones that need to be checked if we want to have solutions. Observe that the vanishing of the graviphoton-projected combination T Λ H Λ µ does not imply the vanishing of the Maxwell equations or the Bianchi identities.
Solving the Killing spinor equations
To solve the KSEs we are going to follow these steps:
1. In section 3.3, we are going to derive equations for the tensor bilinears that can be built from the Killing spinors.
6 Solving these equations is not, in principle, sufficient for solving the KSEs, but it is certainly necessary, which is why they are analyzed first.
2. We are going to see in in the same section that these equations for the bilinears state that the vector bilinear we denote by V µ , is always a Killing vector, whereas the other three are closed (locally exact) 1-forms, which need not be independent.
3. In the same section we will derive an expression for the contractions V ν F Λ νµ in terms of the scalar bilinear X and the scalars Z i . These contractions determine to a large extent the form of the full vector field strengths, depending on the causal nature of the Killing vector V µ , which can be timelike or null. These two cases have to be studied separately. (c) At this point these two fields are entirely expressed in terms of bilinear X and the scalars Z i , which remain arbitrary, and we are going to check explicitly (section 4.3) that, in all cases, these field configurations are supersymmetric, provided that they satisfy the integrability condition Eq. (4.12).
(d) This solves the timelike case, but, obviously, we are particularly interested in supersymmetric configurations which are solutions. We have seen in the previous section that the KSIs insure that this is equivalent to satisfying the Maxwell equations and the Bianchi identities, which, as we are going to see (section 4.4), is the case if the scalars satisfy the 'simple' Eqs. (4.30).
In the null case (section 5)
(a) we will use the formalism of Ref. [41] , exploiting the fact that the two ǫ I must be proportional and can be written in the form ǫ I = φ I ǫ. The KSEs can be split into equations involving ǫ and equations involving φ I s.
(b) A second spinor η needs to be introduced as to construct a null tetrad via spinor bilinears; the relative normalization of ǫ and η requires η to satisfy a differential equation whose integrability conditions need to be added to the KSEs integrability conditions. All these conditions and the conditions implied for the null tetrad are studied in section 5.2.
(c) Since the solution admits a covariantly constant null vector, we can introduce a coordinate system and solve the consistency conditions (see section 5.3). In section 5.4 we use this coordinate system to analyze the KSEs, and show that a supersymmetric configuration preserves either half or all the supersymmetries.
(d) Section 5.5, then, analyzes the equations of motion, reducing them to two, seemingly involved, differential equations, namely Eqs. (5.88) and (5.91), and discusses some interesting subclasses of solutions.
Killing equations for the bilinears
From the gravitino supersymmetry transformation rule Eq. (2.2) we get the independent equations
The first equation relates the scalar bilinear X with the self-dual part of the graviphoton field strength and indicates that it contains all the information of the central charge of the theory [42] .
The first term in the r.h.s. of the second equation is completely antisymmetric in µν indices and has a non-vanishing trace in IJ indices, while the second term is completely symmetric in µν indices and traceless in IJ indices. This implies that V µ is a Killing vector and the 1-formV = V µ dx µ satisfies the equation
while the remaining 3 independent 1-formsV
From the gauginos supersymmetry transformation rules, Eqs. (2.3), we get
The trace of the first equation gives 28) while the antisymmetric part of the second equation gives 2iX
Using Eq. (C.19), we can derive
which in its turn allows us to combine Eqs. (3.22) and (3.29), as to obtain 31) which, in the timelike case, is enough to completely determine F Λ as a function of the scalars Z i , X and V .
4 The timelike case
The vector field strengths
As is well-known, the contraction of a self-dual 2-form with a non-null vector completely determines the 2-form. In the timelike case we can use V µ and we have
where C Λ + is given by Eq. (3.31). Therefore, we have the vector field strengths written in terms of the scalars Z i , X and the vector V . Let us then consider the spacetime metric.
The metric
It is convenient to choose coordinates adapted to the timelike Killing vector V and also to use the exact 1-formsV i (which, as was said before, are independent in the timelike case) to define the spacelike coordinates. Thus, we define a time coordinate t by 2) and the spacelike coordinates
Since in this case V µ V µ = 2|M| 2 = 4|X| 2 = 0, the metric can always be constructed as
which is manifestly invariant under all the transformations leaving invariant the equations of motion and the supersymmetry transformation rules. With the above choice of coordinates, the metric takes on the form
where ω = ω i dx i is a time-independent 1-form that satisfies an equation that can be found as follows: the choice of coordinates implieŝ
which trivially implies that
Using Eqs. (3.24) and (3.22) we find the equation for ω
With this equation we have succeeded in expressing completely the metric in terms of the scalars X, Z i and the vector V , as we did with the vector field strengths. It is convenient to define the U(1) connection 1-form
This ξ is similar to the ξ defined in the N = 4, d = 4 case in Ref. [26] , but in this case it is exact. In terms of ξ and the pullback of the Kähler 1-form Q, the equation for ω is
In terms of the 3-dimensional Euclidean metric, this equation takes the form
and we will later rewrite it to a more standard form.
In what follows the integrability condition for this equation will be needed: It reads
Solving the Killing spinor equations
We are now going to show that the field configurations of N = 2, d = 4 given by the metric Eqs. 
On the other hand, using the properties Eqs. (C.12) and (C.13), we find that 14) and, combining this with the previous result we get
where α is the phase of the complex scalar bilinear X and we have used that in our Vierbein basisV = 2|X|e 0 , Eq. (3.28). Eq. (3.2) takes, then the form 16) and can always be solved by imposing the constraint
which breaks half of the available supersymmetries. Let us now consider the 0 th component of the gravitino supersymmetry transformations Eq. (3.1): using Eq. (4.11), we find
On the other hand, using Eqs. (C.11) and (C.12), we find 19) and combining this with the previous result we find that the 0 th component of Eq. (3.1) takes, up to a global factor, the form 20) which is always solved by time-independent spinors satisfying the constraint (4.17). Finally, let us consider the m th component of Eq. (3.1): using essentially the same properties, we find on the one hand
and on the other,
Combining these two results and using the constraint Eq. (4.17) as to have an equation involving spinors of the same chirality, we find that the m th component of Eq. (3.1), up to a multiplicative factor, reads
which is solved by
This is the form of the Killing spinor associated to the field configurations that we have found. All of them are, therefore, supersymmetric and preserve, at least, 1/2 of the possible supersymmetries.
Observe, however, that in this proof we have assumed that Eq. (4.11) can be solved. Thus, we have assumed implicitly that the integrability condition of this equation, Eq. (4.12), has been solved. This equation is the only condition that the field configurations considered need to satisfy in order to be supersymmetric and, in fact, to be well defined. We will reconsider this condition when we consider supersymmetric solutions, but we can already see that our result is different from the one in Ref. [35] , where the pull-back of the Kähler form had to vanish in order for the solution to be supersymmetric.
Equations of motion
Following Refs. [41, 26] we are going to introduce an Sp(2n, R) vector of electric and magnetic scalar potentials E defined by 25) where F µν the Sp(2n, R) vector of field strengths defined in Eq. (2.17). Let us also define the real symplectic sections I and R R ≡ ℜe(V/X) ,
where V is the symplectic section defined in Appendix C. Then, using Eq. (3.31) we find 27) and using the explicit form ofV and the property Eq. (4.8) we can write
which immediately leads to the following form of the Bianchi identities and Maxwell equations:
Rewriting these equations in standard Cartesian R 3 language, we find that the Maxwell equations and Bianchi identities (whence, according to the KSIs, all the equations of motion of N = 2, d = 4 supergravity) are satisfied if
i.e. if the imaginary parts of L Λ /X and M Λ /X are given by 2n real harmonic functions on R 3 . Let us now reconsider the integrability condition Eq. (4.12) of the differential equation that defines the 1-form ω. The equation for the 1-form ω (4.11) can be rewritten as to give
and its integrability condition takes on the simple form
which is, as one will agree rather rapidly, automatically satisfied for solutions. Summarizing, we have just shown that the configurations of N = 2, d = 4 supergravity given by the metric Eqs. (4.5) and (4.11) and field strengths Eqs. (4.1) and (3.31) are solutions of the equations of motion iff the scalars X, Z i satisfy the condition Eq. (4.30). The integrability condition of the equation for the 1-form ω, which was the only condition necessary to have supersymmetry, is automatically satisfied for supersymmetric solutions.
We still have to show how, given the real harmonic section I, we can express the scalars, the vector field strengths and the metric in terms of this harmonic section: the metric Eq. (4.5) depends of the 1-form ω which can be calculated from I integrating Eq. (4.31) and on the absolute value of the bilinear scalar X, which can be computed from I and R observing that 33) and that 
Observe that the form of the Kähler potential that has to be used here, namely Eq. (C.24), is fixed after a section has been chosen and no Kähler transformations are allowed. Otherwise, the whole construction would be inconsistent since, as we have discussed, the spacetime metric is invariant under all the symmetries of the equations of motion and, in particular, under Kähler transformations.
It is also possible to rewrite Eq. (4.31) for ω as
It is clear that, in order to find |M| 2 , and also in order to find the field strengths using Eqs. (4.28) and the scalars using, for instance, the special coordinates
we need the real section R expressed as a function of I. Finding R(I) is equivalent to solving the so-called "stabilization equations" [43, 44] which are nothing but Eqs. (4.29) for static, spherical, asymptotically flat black holes evaluated at the black-hole horizon: the l.h.s. gives the Sp(2n, R) vector of charges q t ≡ p Λ , q Λ and this essentially determines the coefficient of the harmonic functions I. Solving the stability equations amounts to finding the real part of the section V/X as a function of the imaginary part, i.e. of the charges. There seems to be no systematic procedure to find R(I) and the solution of this problem is only known in a few simple cases, some of which we review in Appendix D.
At this point we should compare our results with those of Ref. [35] in which stationary solutions of N = 2, d = 4 supergravity coupled to vector multiplets were constructed from an Ansatz identical to the solutions that we have found in the timelike case at hands, but where an additional condition was found to be necessary tin order to have unbroken supersymmetry, namely
We have shown that the Ansatz considered by the authors of Ref. [35] covers all of the timelike case, 7 but that the above constraint is unnecessary to have unbroken supersymmetry. Actually, this was already known for some special cases such as the stationary solutions of pure N = 4, d = 4 supergravity of Refs. [41, 45] in which the choice of harmonic functions is not limited by any constraint whatsoever.
The null case
In the null case 8 the two spinors ǫ I are proportional ǫ I = φ I ǫ. The complex scalar functions φ I carry a -1 U(1) charge w.r.t. the purely imaginary connection 1) opposite to that of the spinor ǫ, so the ǫ I are neutral. On the other hand, the φ I s are neutral with respect to the Kähler connection, and the Kähler weight of the spinor ǫ is the same as that of the spinor ǫ I , i.e. 1/2. We are now going to substitute ǫ I = φ I ǫ into the KSEs and we are going to use the normalization condition of the scalars φ I φ I = 1 to split the KSEs into three algebraic and one differential equation for ǫ; one of the algebraic equations for ǫ will be a differential equation for φ I .
This substitution immediately yields
Acting on Eq. (5.2) with φ I leads to
which takes the formD 6) which is one of the algebraic constraints for ǫ and is a differential equation for φ I . Multiplying Eq. (5.3) with φ I , we see that it splits into two algebraic constraints for ǫ:
Finally, we add to the system an auxiliary spinor η, with the same chirality as ǫ but with all U(1) charges opposite to those of ǫ and normalized by the condition ǫη = This normalization condition will be preserved if and only if η satisfies
for some a µ with U(1) charges −2 times those of ǫ, i.e. 11) to be determined by the requirement that the integrability conditions of this differential equation have to be compatible with those of the differential equation for ǫ.
Observe that the null tetrad of vector bilinears one constructs from ǫ and η will in general have non-trivial charges and, in particular, non-trivial Kähler weight: taking into account the definition of the bilinear vectors in Ref. [26] , which we reproduce here for convenience
(5.12) we see that l and n have 0 U(1) charges but m has −2 times the charges of ǫ and m * has +2 times the charges of ǫ. The metric This translates into identical relations between gamma matrices:
This choice implies for the chirality matrix
Killing equations for the vector bilinears and first consequences
We are now ready to derive equations involving the bilinears, in particular the vector bilinears constructed from ǫ and the auxiliary spinor η introduced above. First we deal with the equations that do not involve derivative of the spinors. Acting withǭ on Eq. (5.6) and withǭγ µ on Eq. (5.8) we get, respectively
which together imply
which in its turn implies
where φ Λ is some complex function. This form of F Λ + completely solves Eq. (5.8), as becomes paramount through the Fierz identity
Acting withη on Eq. (5.6) we get 
Finally, acting withǭ andη on Eq. (5.7) we get
which imply 
Equations of motion and integrability constraints
Our immediate objective is to find information about the connection ζ µ using the KSIs and the integrability equations of Eqs. (5.5) and (5.10).
Using the results of the previous section, we can write the Einstein equations the form
Comparing with the KSI Eq. (3.17), we end up with tho following two conditions
Commuting the derivative and projecting with gamma matrices and spinors in the usual way, and using 36) and from Eq. (5.10)
Comparing these three sets of equations, we find that they are compatible if 
Observe that a similar statement cannot be made about the matter combinations
The variables φ, ψ i will be convenient for further calculations, and the relation between them and the φ Λ can be obtained from Eq. (3.30):
Using these variables, the symplectic vector of field strengths defined in Eq. (2.17) takes the form 
Since dφ ∼l, it drops out of the above equations. Next, we substitute 
and using
we see that the above equation is always satisfied.
The only component of these equations is, then,
Finally, let us consider the scalar equation of motion, which takes the form
According to Eq. (3.21), this combination has to vanish in order to have supersymmetry, and in the next section we are going to see that this happens if the B i s are covariantly holomorphic in a complex coordinate, denoted by z, and l µ a µ = 0.
Metric
In order to advance and check the KSIs involving the Ricci tensor we need an explicit form of the metric. This form is dictated by the existence of a covariantly constant null Killing vector, Eq. (5.28), which tells us that the spacetime is a Brinkmann pp-wave, [46, 47] . Since l µ is a Killing vector and dl = 0 we can introduce the coordinates u and v such that
We can also define a complex coordinate z bŷ
where U may depend on z, z * and u. Eq. (5.24) then states that the scalars Z i are functions of z and u only: 
Finally, the most general form thatn can take in this case iŝ 
where D(z, z * , u) is a functions to be determined and over-dots denote partial derivation w.r.t. u. Combining both equations we get
Finally, the second tetrad integrability equation (5.29) implies
whenceâ is given byâ
Observe that this implies a µ l µ = 0. On the other hand, the last of Eqs. (5.59) together with Eq. (5.63)
Thus, the scalar equation of motion (5.54) is identically satisfied and so is the KSI (3.19).
Having a coordinate system, we can check the integrability conditions Eqs. (5.32,5.33 ). The first of these is automatically satisfied for Brinkmann metrics. The second splits into
The coefficients of the Ricci tensor for Brinkmann metrics were given in the Appendix of Ref. [26] : substituting Eqs. (5.63) and (5.66) into those expressions and using the holomorphicity of the Z i s the above equations are seen to be satisfied identically.
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Having an expression forâ, Eq. (5.67), we can impose the integrability condition Eq. (5.42), resulting in
The second equation is satisfied automatically. The last equation is, however, incompatible with the integrability equation Eq. (5.69) and with the actual value of R uz * for the Brinkmann metric unless
This conditions is a consequence of the choice of η, i.e. of our frame and coordinate choice, and should be of no importance whatsoever to the problem of solving the KSEs. Actually, it is easy to see that it can always be satisfied by a shift in η that preserves the normalization conditionǭη = 1/2:
(5.74) 11 We would like to point out a typo in Tod's article [41] : The metric has the part 2m (µ m * ν) , which together with [41, (A.9-10) ], indicates that the metric factor should be e −2φ ωω and not Eq. [41, (A.17) ], which is just the inverse. After taking this into account, Tod's results fully agree with the ones presented here.
i B * j * = 0 and we just have to perform the above shift with
in order to trivialize the condition (5.73).
Solving the Killing spinor equations
We are now going to see that field configurations given by a metric of the form (Eqs. (5.61) and (5.63)) 
are always supersymmetric, even though we derived these equations as necessary conditions for supersymmetry.
With the above form of the scalars and vector field strengths the KSE δ ǫ λ iI = 0 takes the form
and can be solved by imposing two conditions on the spinors:
which formally coincide with the Fierz identities Eqs. (5.27), although now, since there is noà priori relation between l, m and ǫ I , they are not identities but constraints on ǫ I . This fact should be enough to show that they are compatible, but we are going to go further and show that they are equivalent. Multiplying the first condition by n and the second by m * we obtain the more conventional-looking conditions
If ǫ I satisfies the second condition, using
which, due to the chirality of ǫ I , leads to the first condition. Let us now consider the KSE δ ǫ ψ I a = 0. Taking into account Eqs. (5.81), our tetrad choice and Eq. (5.66), we find that the Killing spinors ǫ I must be independent of v, z, z * and must satisfyǫ
where φ = T Λ φ Λ = φ(u). Observe that this equation can always be integrated, even though the explicit form of the ǫ I may be hard to find.
If φ(u) is a real function, however, the general solution is readily found to be
where
Thus, all the configurations identified are supersymmetric and preserve, at least 1/2 of the available supersymmetries. One can see, moreover, that the only configurations that preserve more than 1/2 are in fact maximally supersymmetric: Minkowski space and the maximally supersymmetric wave of minimal N = 2 D = 4 supergravity found by Kowalski-Glikman [48] , embedded such that only the graviphoton is non-trivial.
Equations of motion
Let us start with the Maxwell equations and Bianchi identities, given in Eq. (5.50). There is only one non-trivial component which is not automatically satisfied for supersymmetric configurations, namely Eq. (5.53), and we can rewrite it as
where one should keep in mind that the combination e −K/2 ψ i is a weight −1 vector field. Taking the symplectic product with U k and using Eqs. (C.3,C.4) and (C.6), one finds
A somewhat lighter equation can be derived by defining
where P i * is of Kähler weight (0, 2). This equation determines ψ i , but it is extremely difficult to find a general solution, although we will give some solutions in Appendix D.
The only non-automatically satisfied component of the Einstein equations is the uu one
Using Eq. (5.45), and the value of R uu this equation takes the form
A supersymmetric solution in this class is, then, fully determined by the real function H(z, z * , u) and the complex functions ω z (z, z * , u), φ(u), ψ i (z, z * , u), Z i (z, u) satisfying Eqs. (5.77,5.87) and (5.91). There are two simple and interesting families of solutions
. This implies that Q u = 0 and we can safely takeω = 0. The Einstein equation takes the form
and can be integrated once the solutions to the Maxwell and Bianchi equations, ψ i , are given (φ(u) is an arbitrary complex function).
If we set to zero the vector field strengths φ = ψ i = 0, the Einstein equation reduces to the statement that H is a real harmonic function on C.
The solutions in this subclass are combinations of pp-waves associated to the harmonic function H and cosmic strings of the kind considered in Ref. [36] , i.e. determined by n holomorphic functions Z i = Z i (z). Now the metric is determined by supersymmetry to be
In order to study the behaviour of these solutions under the symmetries of the theory, it is convenient to express them in an arbitrary system of holomorphic coordinates
The Killing spinors of these solutions are
The isometries of the Kähler metric (which are the duality symmetries of our theory) leave invariant the Kähler potential up to Kähler transformations Eq. (B.7). Of course, these duality transformations leave invariant the spacetime metric, but the relation between the g zz * component and the Kähler potential will change unless the holomorphic function h transforms according to
which makes the Killing spinors transform precisely as objects of Kähler weight 1/2, as they should. Actually, for the metric to be form-invariant, it is enough that ℜe(h ′ ) = ℜe(h ′ ) + ℜe(f ) while the spinors will behave as objects of Kähler weight 1/2 if ℑm(h ′ ) = ℑm(h ′ ) + ℑm(f ). These two conditions are independent. Only the first was required in the construction of Ref. [36] , but supersymmetry requires the second.
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The holomorphic functions Z i (z) will in general be multi-valued and will have nontrivial monodromies. Only those which are isometries of the Kähler metric can be allowed. The metric will be invariant and the Killing spinors will also have the correct monodromy if h transforms as above.
2. Z i = Z i (u) = 0. This implies that K and, therefore, U are functions of u only, whence the latter can be eliminated from the metric by a change of coordinates. Since the pullback of Kähler 1-form depends on u only, we can solve Eq. (5.66) forω: 
Eq. (5.88) can in this case be solved, leading to the statement that ψ i only depends on u and z * . Introducing then the functions Υ i , defined through the relation ∂ z * Υ i = ψ i , the above equation can be integrated with great ease, giving
The supersymmetric solutions of this class take, therefore, the form 12 We thank Jelle Hartong for useful conversations on this point.
where Z i , φ are arbitrary functions of u and H is given above.
A Conventions
In this paper we use basically the notation of Ref. [37] and the conventions of Ref. [26] , to which we have adapted the formulae of Ref. [37] . The main differences between the conventions of those two references are the signs of spin connection, the completely antisymmetric tensor ǫ abcd and γ 5 . Thus, chiralities are reversed and self-dual tensors are replaced by anti-self-dual tensors and vice-versa. The curvatures are identical. Finally, the normalization of the 2-form components differs by a factor of 2: for us
which amounts to a difference of a factor of 2 in the vectors supersymmetry transformations Eq. (2.8). Further, all fermions and supersymmetry parameters from Ref. [37] have been rescaled by a factor of 1 2 , which introduces additional factors of 1 4 in all the bosonic fields supersymmetry transformations Eqs. (2.7-2.9).
The meaning of the different indices used in this paper is explained in Table 1 . We use the shorthandn ≡ n + 1.
B Kähler geometry
A Kähler manifold M is a complex manifold on which there exist complex coordinates z i and z * i * = (z i ) * and a function K, called the Kähler potential, such that the line element is Table 1 : Meaning of the indices used in this paper.
The Kähler (connection) 1-form Q is defined by
and the Kähler 2-form J is its exterior derivative
The Levi-Cività connection on a Kähler manifold is given by
The Riemann curvature tensor has as only non-vanishing components R ij * kl * , but we will not need their explicit expression. The Ricci tensor is given by
The Kähler potential is not unique: it is defined only up to Kähler transformations of the form
where f is any holomorphic function of the complex coordinates z i . Under these transformations, the Kähler metric and Kähler 2-form are invariant, while the components of the Kähler connection 1-form transform according to
By definition, objects with Kähler weight (q,q) transform under the above Kähler transformations with a factor e −(qf +qf * )/2 and the Kähler-covariant derivative D acting on them is given by
where ∇ is the standard covariant derivative associated to the Levi-Cività connection on M. When (q,q) = (1, −1), this defines a complex line bundle L 1 → M over the Kähler manifold M whose first, and only, Chern class equals the Kähler 2-form J . A complex line bundle with this property is known as a Kähler-Hodge (KH) manifold and provides the formal starting point for the definition of a special Kähler manifold 13 that is explained in the next Appendix.
We will often use the spacetime pullback of the Kähler-covariant derivative on tensor fields with Kähler weight (q, −q) (weight q, for short) for which it takes the simple form
where ∇ µ is the standard spacetime covariant derivative plus possibly the pullback of the Levi-Cività connection on M; Q µ is the pullback of the Kähler 1-form, i.e.
C Special Kähler geometry
Let us now consider a flat 2n-dimensional vector bundle E → M with structure group Sp(n; R), and take a section V of the product bundle E ⊗ L 1 → M and its complex conjugate V, which formally is a section of the bundle
If we then define
then it follows from the basic definitions that
Taking the covariant derivative of the last identity U i | V = 0 we find immediately that 
The importance of this last equation is that if we group together E Λ = (V, U i ), we can see that E Σ | E * Λ is a non-degenerate matrix. This then allows us to construct an identity operator for the symplectic indices, such that for a given section of A ∋ Γ (E, M) we have
As we have seen D i U j is symmetric in i and j, but what more can be said about it: as one can easily see, the inner product with V * and U * i * vanishes due to the basic properties. Let us then define the Kähler-weight 2 object
where the last equation is a consequence of Eq. (C.5). Since the U's are orthogonal, however, one can see that C is completely symmetric in its 3 indices. Furthermore one can show that
Observe that these equations imply the existence of a function S, such that
The function S is given by [52] 
where N is the period or monodromy matrix. This matrix is defined by the relations
The relation U i | V = 0 then implies that N is symmetric, which then also trivializes
From the other basic properties in (C.3) we find
Further identities that can be derived are
An important identity one can derive, and that will be used various times in the main text, is given by
whence (U ΛΣ ) * = U ΣΛ . We can define the graviphoton and matter vector projectors
Using these definitions and the above properties one can show the following identities for the derivatives of the period matrix:
C.1 Prepotential: Existence and more formulae
Let us start by introducing the explicitly holomorphic section Ω = e −K/2 V, which allows us to rewrite the system Eqs. (C.1) as
Observe that the first of Eqs. (C.23) together with the definition of the period matrix N imply the following expression for the Kähler potential:
If we now assume that F Λ depends on Z i through the X 's, then from the last equation we can derive that
If ∂ i X Λ is invertible as an n ×n matrix, then we must conclude that
where F is a homogeneous function of degree 2, called the prepotential.
Making use of the prepotential and the definitions (C.10), we can calculate
Having the explicit form of N , we can also derive an explicit representation for C by applying Eq. (C.17). One finds
so that the prepotential really determines all structures in special geometry.
A last remark has to be made about the existence of a prepotential: clearly, given a holomorphic section Ω a prepotential need not exist. It was shown in Ref. [38] , however, that one can always apply an Sp(n, R) transformation such that a prepotential exists. Clearly the N = 2 SUGRA action is not invariant under the full Sp(n, R), but the equations of motion and the supersymmetry equations are. This means that for the purpose of this article we can always, even if this is not done, impose the existence of a prepotential.
D Some explicit cases D.1 Quadratic prepotential
This is a simple, but important, case in which there is a prepotential and it takes the form
where F ΛΣ is a complex, symmetric, constant matrix that coincides with the matrix of second derivatives of F . Its imaginary part must be negative definite. The period matrix is given by Eq. (C.27). Observe that
The Kähler potential is
To construct the general solution of the timelike case, we need to relate the real section R and I defined in Eqs. (C.10). This can be done by using the property Eq. (D.2), rescaling it by e K/2 /X: 4) and then, taking the imaginary part of this equation and using the invertibility of ℑmF ΛΣ , we find the solution
which implies
In other words, this implies that we can take the components of the section L Λ /X to be arbitrary complex harmonic functions H Λ . Now, |M| 2 which appears in the metric Eq. The other term that appears in the metric ω, is given in terms of the real section I by Eq. (4.31). Substituting the imaginary parts of the harmonic functions H Λ in that formula, we get
where Q p [V/X, (V/X) * ] stands for the pull-back of the Kähler 1-form substituting the X Λ s by the harmonic functions H Λ . For then = 2 case, which can be embedded in pure N = 4, d = 4 supergravity, these expressions were first found in Ref. [45] . We stress that these functions are completely arbitrary and that there is no further constraint on them. Different choices lead to solutions describing different physical systems. In Ref. [45] the most general choice that leads to a stationary, axisymmetric, asymptotically flat spacetime in then = 2 case was studied. These spacetimes correspond, in general, to charged, rotating "black holes" (sometimes with singular horizon), with NUT charge.
As one can see from Eq. (C.28), the fact that we are dealing with a quadratic prepotential implies that C ijk = 0. This then means that Eq. (5.88) is generically solved by 9) so that in the case of a quadratic prepotential there are only two differential equations that need to be solved: eqs. (5.77) and (5.91).
D.2 ST U -like models
By an ST U-like model, we mean a theory with a prepotential of the type In [53] Shmakova found a generic, conditional solution to the stabilization equation for ST U-like models. Writing I T = (p Λ , q Λ ), the stabilization equations read p Λ = Im(X Λ ) and
Clearly the stabilization equations for p Λ are solved by the Ansatz With this knowledge and a choice for the harmonic functions, needed to calculate ω through Eq. (4.31), the solution is fully specified in the timelike case. The null case is in general a far harder nut to crack, and as one might have suspected, we have been unable to find a generic solution to Eq. (5.88) for the ST U-like models. A particular, but non-trivial, solution we were able to find is for the case n = 1, d 111 = 1 and reads ψ 1 = a ℑm(t) −3 + ib ℑm(t) ∂ z * t * , (D.20)
where we have used the notation t = Z 1 .
